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Topological correlations in soap froths
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Correlation in two-dimensional soap froth is analyzed with the introduction of two point correlators and
topological distance. Cells with an equal number of sides répith linear correlationp while cells with a
different number of sides attra¢with nonbilinear correlationfor nearest neighbors, which cannot be ex-
plained by the maximum entropy argument. Also, the analysis indicates that froth is correlated up to the third
shell neighbors at leadtS1063-651X%98)07108-4

PACS numbegs): 82.70.Rr, 02.50-r, 05.70.Ln

Two-dimensional cellular structures are space-filling dis-ing and meaningful quantity in this analysis by concentric
ordered partitions of space by cells that are irregular polylayers is, for instance, the number of cells in a given layer
gons and often appear in nature as in metal grains, biologicaK;j(n), with n the number of sides of the central d¢i1].
tissues, and common soap froftig. These cellular patterns Here we focus on the correlation function. The two-cell to-
are usually trivalentthree edges meet at a vertedue to pological correlation functiofC;(n,m)] is the probability

topological stability. A generic term for these networks is ©f finding a cell withm sides at a distangefrom a cell with
“froth,” since the soap-froth is the archetype of such struc-" sides. The two-cell topological correlation function is equal

tures. Previous theoretical studies on froth are based on me%?\ the total numbeN;(n,m) of couples of cells with, respec-

. . L ; ) : vely, n andm sides that are at a relative distarjceivided
field, with minimal consideration on the correlation between ’ : o
cells[2,3]. This is understandable as any theoretical descrippy the number of all couples of cells at a relative distance

tion taking correlation effects into account is much more N.(n,m)
difficult, and the correlation in froth is assumed to be com- Ci(n,m)= J . (1)
pletely described by the Aboav-Weaire Igw—6]. Thus, " me3Nj(n,m)

most of the approaches on froths make some kind of inde-

pendent bubble approximation, and neighbors are describagje consider then- and m-sided cells as distinguishable.
by a mean field2] or as random neighbof8]. Itis our aim  Therefore, each couple is counted twice augn,m) and
to report the experimental observations of the correlation@j(n,m) are symmetric im,m [i.e., C;(n,m)=C;(m,n)].
beyond nearest neighbors. We find that there are long-range By definition, in uncorrelated systems the correlation
correlations, and that any reasonable description respectifginction must factorizeC;(n,m) =s;(n)s;(m). The normal-
the correlation effects on froth must go at least to the thirdzation and the symmetry oF;(n,m) imply =,s(m)=1,
shell neighbors. Furthermore, these correlation effects argonsequentlys;(n) ==,,C;(n,m). Now, we calculate this
not describable by the maximum entropy arguméit], as  guantity and we interpret it in terms of the properties of the
the predicted bilinearity for the correlators is only a ratherjayers. Consider two cells with and m sides that are at a
crude approximation to the data. The data therefore suggegd|ative topological distancg Such a pair, connected by a
that there must be a new theory describing real soap frotthath of lengthj, can be seen as a “string” witm- and
with full consideration of the enel’gies and the correlations. m-sided terminations. Clear'y the number of these Strings in
In froths, a cell can be characterized topologically by itSthe cellular system i8l;(n,m) (where each string is counted
number of sides. Froths are disordered systems and a topggice since the terminations are distinguishable gelléie
logical, statistical description of their structure is given by numper of strings of lengthwith a termination in a cell with
the correlation function. To extract the relevant structuraly sides and the other termination free is given by
difficult task. Indeed, the absence of symmetries and periody_siged cells in the systefiN(n)] multiplied by the average
|ct|)t|es rtlalqur:resa”pnorl rt]he knowledge of lthe |r:jforme;t|?)n number of strings of lengthwhich terminate in one-sided
about all the cells in the system. A simple and useful ap, , o _ _ , P
roach is to analyze the froth as structured in concentri cell LK;(m)]. Therefore, p_aN;(n.m) =N(mK;(n). Fi
P y ; o ; ‘?lally, the total number of strings of lengihis equal to the
layers of cells at the same topologlcal_dlstapfr@m agivVen  total number of cells N+) multiplied by the average number
central cell[9-12 (where the topological distance between strings of lengtlj that terminate in any given cellK)),

two cells is the minimum number of edges that a path musbiving
cross to go from one cell to the othigf0—12). An interest-
> Nj(n,m)= X N(nK;(n)
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FIG. 1. (a) Relative correlatiorC;(n,m)/C;"(n,m) and (b) ef-
fective potentialp;(n,m) vs topological distancg for couples of
soap froth cells witm andm sides, and 1f,m)=(5,5), solid circle;
(n,m)=(6,5), open square;n(m)=(6,6), solid triangle; f,m)
=(7,5), open circle; 1t,m)=(7,6), open triangle; r,m)=(7,7),
solid square. The solid lines are guides to the eyes.

where{(--+))==,p(n)(:--), with p(n) =N(n)/N+ being the
probability of ann-sided cell in the whole froth. The prob-
ability to find a string of length with a termination in a cell
with n sides is consequently given by the ratio

E ;ZSNj(n!m)
sj(n)=
:'Ic,mZSNj(nrm)
= N(n)K:(n) Ki(n)
=2 Ci(nm=—"""=p(n)—=——=. 3
=3 Nr(K;) (Kj)

By following this point of view, the correlation function
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FIG. 2. CorrelatorA;(n,m) vs m for fixed n#m, and(a) j=1,

Cj(n,m) can be interpreted as the probability of having a(b) j=2, and(c) j=3. Heren=4, open circlen=5, solid circle;

string of lengthj with terminations in two cells witm andm

n=6, open trianglen=7, solid triangle;n=38, open square.
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L5 T T is the inverse temperature. This potential is zero in uncorre-
lated systems, negative when two cells attract, and positive
o when they repel.
B We have analyzed data for soap froths prepared at differ-
g " ent times, all in the scaling regimd4,15. In Fig. 1, we
Lo o A ° . show the variation oij(n,m)/C}‘”(n,m) [Fig. 1(@)] and
@;(n,m) [Fig. 1(b)] vs topological distancg These correla-
tions and potentials are the same for a sample théth in
the scaling regime as another sample that is 14 h in the
° scaling regime. Other times have also been checked and
05 I 1 Cj(n,m)/C}‘”(n,m) and ¢;(n,m) are time independent
o within experimental errorgThe error bar is within the size
of the symbo). From Fig. 1a), it is clear that soap froth is
o strongly correlated at least up to the third neighbors. Cells
with an equal number of sidege.g., (n,m)=(5,5), (6,6),
0.0 : : (7,7] have a lower probability to be first neighbors than in
the uncorrelated case and the contrary is for cells with a
n different number of sideksee Fig. 1a) for j=1]. The asso-
. ) ] ciated effective potential between first neighbors is therefore
_ FIG. 3. CorrelatorA;(n,n) vs n for fixed j; (@ j=1, open  repysive for equal-sided cells and attractive for cells with a
circle; (b) j =2, open triangle(c) j =3, open square. different number of sidefsee Fig. 1b)]. This is the Aboav
law [4] in the language of correlation. Increasing the topo-
logical distancej, the correlation and the potential shows

sides, respectively. In an uncorrelated system this conditiongyscillations that can be associated to the screening and anti-
probability must be the product of the two string probabili- screening of the effective interaction.

Ajn,n)
(o)

ties, In accordance with previous analyses on first-neighbors
correlation[13,16,117, we introduce the correlatok;(n,m)
" K;(n)K;(m) E[.Cj(n,m)/p(n)p(.m)], wh|ch is the probablllty tq have an
Cj (n,m)=s;(n)s;(m)= 5 p(n)p(m). (4) n-sided cell at a distancefrom anm-sided cell, given that
(Kj) the two cells exist{this correlator become approximately

equal to the Boltzmann fact@™ ¢™™ ass;(n)—p(n) for

Even when the system is uncorrelated, taking two cells af—]. Figure 2 shows the plot of;(n,m) vs m for fixed
distantj, the probability to have one cell witmsides and the n=4,...,8,n#¥m and fixedj=1,2,3. There are theories
other cell withn sides is not given by the simple product of [7,18] that predict the bilinearity ofA;(n,m) in n, m using
the probabilities of finding independently am and anm-  the maximum entropy argument. The poor fit to the straight
sided cel[p(n)p(m)]. The facton<j(n)Kj(m)/<Kj>2 in Eq. line of the data in Fig. 2, and the strong deviation when
(4) indicates that a cell in a frotfeven in an uncorrelated =m, indicate that the bilinearity oA;(n,m) is a crude ap-
ong cannot be topologically independent of its neighbors.proximation. After all, this disagreement should not be too
Indeed, in froths, a single isolated cell does not exist. Thesurprising as the potential defined in Ef) manifests strong
cell, its number of sides, and the number of neighbors at angnd long-range interaction present in soap froth. On the other
distancg constitute a unique systefiNote that, foj=1,the  hand, we find a surprisingly simple linear behavior of
function C;(n,m)/C{"(n,m) —1=4,, is the topological Aj(n,n) vs n for j=1,2,3. Figure 3 shows the plot of
short-range order coefficient introduced by Le Caeal.  A;j(n,n) vsn for fixed j=1,2,3. The data can be described
[13].] by the linear functionAj(n,n)=w(j)n+A\(j) with coeffi-

The structure of a froth can be studied in term of an ef-cients u(1)=0.193-0.008,\(1)=—0.60+0.05; u(2)
fective “potential” between different cells. These potentials =0.121+0.005,1(2)=0.36£0.03; and u(3)=0.073
can correspond to a real dynamical interaction between:0.003,\(3)=0.69+0.02.
coupled cells during the process of formation and evolution In conclusion, the data we present on soap froth strongly
of the system, or they can simply indicate the degrees o$uggest that correlation effects exist and may be important in
affinities of two cells to stay at a given relative distance.our understanding of the quasistatic and dynamics of froth.
Attractive interactions are associated to couples of cells thathe data indicate that the correlation is within error bar non-
appear in the froth with a higher probability than in the un-zero up to the third shell at least, with a linear correlator for
correlated case, while negative interactions correspond to theells of the same number of edges, but nonbilinear behavior
opposite case. Without any loss in generality one can definfor cells of a different number of edges. Future theories of
the correlation function of the form froth dynamics may want to consider these correlations. Al-
though the nontrivial correlations beyond first shell and the
linear law described in Fig. 3 are not well understood at this
point, they may be important as the short-range interaction
manifested by the Aboav-Weaire law and the observed
Here ¢;(n,m) is the interaction effective potential between longer-range interaction can compete with each other in the
two cells withn andm sides at topological distangeandB  coarsening process of froth. We should also mention that

Cj(n,m)=C;"(n,m)exp(— B¢;(n,m)). 5)
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